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We study synchronization of a number of different pendulum clocks hanging from a
horizontal beam which can roll on the parallel surface. The results previously obtained for n
identical clocks [Czolczynski et al., Prog. Theor. Phys. 122 (2009), 1027] are generalized for
the case of non-identical clocks. Pendula have the same period of oscillations so the clocks are
accurate but have different masses. It has been shown that after a transient, different types
of synchronization between pendula can be observed; (i) the complete synchronization in
which all pendula behave identically, (ii) pendula create three or five clusters of synchronized
pendula. Contrary to the case of identical clocks antiphase synchronization in pairs is not
robust for an even number of clocks. We derive the equations for the estimation of the phase
differences between phase synchronized clusters. The evidence, why other configurations
with a different number of clusters are not observed, is given.

Subject Index: 034
§1. Introduction

The problem of the synchronization of clocks can be traced back to the Dutch
researcher Christian Huygens in the 17th century.) % He showed that a couple of
mechanical clocks hanging from a common support had been synchronized. Huy-
gens had found the pendulum clocks swung in exactly the same frequency and out of
phase, i.e., in antiphase synchronization (phase difference equals 7). After the exter-
nal perturbation, the antiphase state was restored within half an hour and remained
indefinitely.

Recently, Huygens’ experiment has attracted increasing attention from different
research groups.”) 1% Pogromsky et al.”) designed a controller for synchronization
problem for two pendula suspended on an elastically supported rigid beam. To ex-
plain Huygens’ observations Bennett et al.%) built an experimental device consisting
of two interacting pendulum clocks hanged on a heavy support which was mounted
on a low-friction wheeled cart. The device moves by the action of the reaction forces
generated by the swing of two pendula and the interaction of the clocks occurs due
to the motion of the clocks’ base. It has been shown that to repeat Huygens’ re-
sults, the high precision (the precision that Huygens certainly could not achieve) is
necessary. Senator”) developed a qualitative approximate theory of clocks’ synchro-
nization. This theory explicitly includes the essential nonlinear elements of Huygens’
system, i.e., escapement mechanisms but also includes many simplifications. An in-
teraction mechanism between two oscillators leading to exact antiphase and in-phase
synchronization has been described by Dilao.®) It has been shown that if two cou-
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pled nonlinear oscillators reach the antiphase or the in-phase synchronization, the
oscillation frequency is different from the frequency of the uncoupled oscillators.

A device mimicking Huygens’ clock experiment, the so-called “coupled pendula
of the Kumamoto University” 9 consists of two pendula whose suspension rods are
connected by a weak spring, and one of the pendula is excited by an external rotor.
The numerical results of Fradkov and Andrievskylo) show simultaneous approximate
in-phase and antiphase synchronization. Both types of synchronization can be ob-
tained for different initial conditions. Additionally, it has been shown that for small
difference in the pendula frequencies they may not synchronize.

A very simple demonstration device was built by Pantaleone. It consists of
two metronomes located on a freely moving light wooden base. The base lies on
two empty soda cans which smoothly roll on the table. Both in-phase and antiphase
synchronizations of the metronomes have been observed. Recently, Ulrichs et al.'2)
have studied synchronization scenarios of coupled mechanical metronomes showing
the onset of synchronization for two, three, and 100 globally coupled metronomes.

In the previous papers'?:13) we studied a synchronization problem for n identical
pendulum clocks hanging from an elastically fixed horizontal beam. It was assumed
that each pendulum performs a periodic motion which starts from different initial
conditions. We showed that after a transient different types of synchronization be-
tween pendula can be observed. The first type is in-phase complete synchronization
in which all pendula behave identically. In the second type one can identify the
groups (clusters) of synchronized pendula. We showed that only configurations of
three and five clusters are possible and derive algebraic equations for the phase dif-
ference between the pendula in different clusters. In the third type, which is possible
only for even n, one observes anti-phase synchronization in n/2 pairs of pendula.
Besides these synchronized states it is possible to observe the uncorrelated motion
of the pendula.

In this paper we generalize these results for the case of n non-identical pendu-
lum clocks. It has been assumed that the clocks under consideration are accurate,
i.e., show exactly the same time, but can differ by the design of the escapement
mechanism and the pendulum. Particularly, we consider the pendula with the same
period of oscillations and different masses. Our main result shows that the phase
synchronization of non-identical clocks is possible only when three or five clusters
are created. Contrary to the case of identical clocks this result holds for both even
and odd number of clocks. We derive the equations which allow the estimation of
the phase differences between clusters. We argue why other cluster configurations
are not possible.

The paper is organized as follows. In §2 we present our theoretical model
which describes the dynamics of n coupled non-identical pendulum clocks. Sec-
tion 3 presents the results of our numerical studies. We present typical examples
of stable phase synchronization in the considered system, associated with pendula
configurations and derive equations for estimation of the phase shifts between the
pendula. Here we give evidence why one can observe configurations of only three or
five clusters. Finally, we discuss why the other configurations are not possible and
summarize our results in §4.

11)
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Fig. 1. The model of n pendulum clocks hanging from a horizontal beam.
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§2. The model

In the current studies we consider a system shown in Fig. 1. The beam of mass
M can move in the horizontal direction x. The beam supports n pendulum clocks
with pendula of the same length [, identical period of oscillations 7' (due to the small
amplitudes of the clocks’ pendula!®) and different masses m;(i = 1,2,...). Under
these assumptions the clocks are accurate, i.e., when uncoupled show exactly the
same time but can be different by the design of the pendulum and the escapement
mechanism. The position of the i-th pendulum is given by a variable ¢; and its
oscillations are damped by the viscous friction described by damping coefficient
Cpi- We assume that this friction is proportional to the pendulum mass m;, i.e.,
cpi = com; and the length of the pendula [ is equal to g/4m?= 0.2485 [m], where g
is a gravitational acceleration. The beam is considered as a rigid body so the elastic
waves along it are not considered. We describe the phenomena which take place far
below the resonances for both longitudinal and transverse oscillations of the beam.

The system equations can be written in a form of Euler-Lagrange equations:

mil2G; + myil cos @; + comip; + miglsing; = Mp;, (1)

n n
(M + Zml> T+ Z (milgbi CoS p; — milcp? sin goi) =0. (2)
i=1 i=1

The clock escapement mechanism (described in details in 13)) represented by mo-
mentum Mp; provides the energy needed to compensate the energy dissipation due
to the viscous friction c,; and to keep the clocks running.'®) This mechanism acts in
two successive steps (the first step is followed by the second one and the second one
by the first one). In the first step if p; < yn then Mp; = Mpy; and when ¢; < 0 then
Mp; = 0, where vy and Mpy; are constant values which characterize the mechanism.
For the second stage one has for —yy < ¢; < 0 Mp; = —Mp; and for p; > 0 Mp;
= 0. In the undamped (cy; = 0) and unforced (Mp; = 0) case when the beam M
is at rest (x = 0) each pendulum oscillates with the period T" equal to 1.0 [s] and
frequency o = 27 [s7!]. Under these assumptions the dynamics of the pendulum
clock is described by a self-excited oscillator with a limit cycle'® (see also Ref. 17)).
The dynamics of the other type of clock escapement mechanism, i.e., verge and foliot
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mechanism is described in Refs. 5),18) and 19).
After the initial transient the pendula perform the periodic oscillations so the
solution of Eq. (1) can be approximately described as

i = Psin (at + F;) . (3)

Assuming that @ is small (typically for pendulum clocks @ < 27/36 and for clocks
with long pendula @ is even smaller'®)) one can linearize Eq. (2) as follows:

<M + Z ml> i+ Z (malg; — milpie;) =0, (4)

i=1 i=1
or substituting Eq. (3) into Eq. (4)

n

(M + Z ml> = Z (mil042q5 sin(at + 0;) + mila®®? cos®(at + §;) sin(at + Bi)).
i=1

i=1
(5)
Taking into consideration the relation cos? asina = 0.25(sin« + 3sin 3a) and sub-
stituting

n
U=M+ Zmi, Fy; = mila2(<ﬁ -+ 025@3), Fs, = O.75mila2§153,
=1

one gets
n

Ui =Y (Fusin(at + ;) + Fasin(3at + 35;)) . (6)
i=1
The right-hand side of Eq. (6) represents the force with which n pendula act on
the beam M. Equation (6) allows the determination of the beam acceleration & and
(after integration) of its velocity & and displacement . Notice that this force consists
only of the first and the third harmonics. Later this property will be essential in
explanation why in the system (1) and (2) one observes only configurations consisting
of three and five clusters of synchronized pendula.
To study the stability of the solution of Eqgs. (1) and (2) we add perturbations
d; and o to the variables ¢; and = and obtain the following linearized variational
equation:

mil?8; + miGl cos i + m;lo;(gcosp; — Esing;) + c¢5i =0, (7)

n n
M —+ Z mla —+ Z(mllél COS Y — mzlcpf(sl COS ; — mllgo,? sin Wi — QlegDZ(SZ sin QDZ) =0.

i=1 i=1
(8)
The solution of Egs. (1) and (2) given by ¢;(¢) and z(t) is stable when the solution
of Egs. (7) and (8) ¢; and o tend to zero for ¢ — oo. All the pendula configurations
described in this paper fulfil this relation.
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Fig. 2. Two metronomes located on the plate which can roll on the base: (a) complete synchroniza-
tion, (b) antiphase synchronization. Arrows indicate additional masses added to differentiate
the total masses of the metronomes’ pendula.

§3. Pendula’s configurations

3.1. Two clocks (n = 2)

In the case of two clocks when their pendula have different masses mq and mo and
the same period of oscillations T one can observe two types of synchronization.2?)
The first one is the complete synchronization when both pendula oscillate in the
same way (i.e., o1 = p2) and move in the opposite direction to the beam motion. In
the case of complete synchronization the motion of the beam identically influences
the pendula’s period of oscillation. The second one is the antiphase synchronization
when there is m phase shift between displacements of pendula.

In Figs. 2(a) and (b) we show the simple experimental confirmation of the stabil-
ity of both synchronization configurations. Two metronomes located on the elastic
plate which can roll on the base obtain a complete synchronization (Fig. 2(a)) and
an antiphase synchronization (Fig. 2(b)). The masses of metronomes pendula are
slightly different as to one of them the small masses (indicated by arrows) have been
added. Notice that in the case of antiphase synchronization the plate is not at rest
(as in the case of identical pendula), but oscillates with a small amplitude. There is
also a small difference in pendula amplitudes.

3.2. Three clocks (n = 3)

Generally, in the system with three pendulum clocks one can observe the fol-
lowing synchronization cases; (i) complete synchronization, (ii) phase synchroniza-
tion with the constant phase shifts between pendula, i.e., p; — @2 = constant,
2 — 3 = constant, ¢ — 3 = constant. Antiphase synchronization can be ob-
served only as a special case of (ii) and occurs when the sum of the masses of two
pendula (1 and 2) is equal to the mass of the third pendulum (3), say mi+mso = msg.
The first and the second pendula create a cluster (¢1 = 2). Pendula 1 and 2 oscillate
in antiphase to the pendulum 3, i.e., 1 = @2 = —¢s3.

In our numerical simulations Egs. (1) and (2) have been integrated by the Runge-
Kutta method. The initial conditions have been set as follows; (i) for the beam z(0) =
#(0) = 0, (ii) for the pendula the initial conditions ¢;(0), ¢1(0) have been calculated
from the assumed initial phase differences i1 and Fyyp (in all calculations f; = 0 has
been taken) using Eq. (3), i.e., ¢1(0) = 0, ¢1(0) = a®, v2(0) = Psin fi1, ¢2(0) =
a® cos fy1 (as it will be explained later the angles 51 = 51 = 0, S = B2, Ot = —3
have been introduced for better description of the symmetrical configurations). To
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prove the stability of the obtained configurations we used Egs. (7) and (8).

Stable configurations of the pendula can be visualized in the following maps.
We plot the position of each pendulum given by Eqs. (1) and (2) (after decay of the
transients) in the phase space ¢;, ¢; at the time when the first pendulum is moving
through the equilibrium position ¢; = 0 with the positive velocity 1 > 0. After the
initial transients the pendula perform periodic oscillations, which are visible in such
maps by a single point for each pendulum (for better visibility indicated as a black
dot). As the pendula oscillate with the same amplitude the distance of each point to
the origin (0,0) is equal. The lines between these points and the origin are equal to
the phase differences (3; between the oscillations of the pendula. White circle around
the group of pendula indicates that the cluster of synchronized pendula has been
created.

The examples of the synchronized states of the system with three non-identical
clocks are shown in Figs. 3(a)—(c). Figure 3(a) presents the pendula configuration
obtained for beam mass M= 10.0 and different pendula masses: m; = 1.0,my =
m3 = 2.0. As my = mg and O = [, one can observe symmetrical phase syn-
chronization. Phase differences i1 = G = 104.5° are different from that obtained
for the case of identical pendula masses m; = mg = mg = 1.0') where we ob-
served O = S = 120°. In Fig. 3(b) we show the results for: m; = 1.0, mg = 1.75,
m3 = 2.25. Nonsymmetrical phase synchronization with phase differences: g = 73°,
Oiir = 132° has been observed. Finally, Fig. 3(c) shows the example of the complete
synchronization observed for: my = 1.0, me = 1.75, ms = 2.25. Different con-
figurations of the system (1) and (2) have been obtained by setting various initial
conditions.

Phase differences (1 and Frip can be approximately estimated on the basis of
the linear approximation derived in §2. In the case of three clocks the sum of the
forces acting on the beam M (the right-hand side of Eq. (6)) is equal to zero when

Fh1sinat + Figsin at cos Or1 + Fio cos at sin G + Fig sin at cos Fipp
— Fi3 cos at sin Gp + F31 sin 3at + Fio sin 3ait cos 3511
+F39 cos 3at sin 301 + F33 sin 3at cos 3011 — F33 cos 3at sin 351 = 0. (9)

In Eq. (9) the phase shift of the pendulum 1 has been taken as zero (the reference
point on the time axis ¢). Additionally, due to the relation fi1 = 2 and S = —fs,
symmetrical configuration of Fig. 3(a) is better visible as O = fr. After some
algebraic manipulations one gets

sin ot (F11 + Fi2 cos B + Fi3 cos Bir) + cos at(Fizsin By — Fi3sin Bi)
+sin Sat(F31 + F39 cos 351 + F33 cos 3,6111) + cos Bat(ng sin 3011 — F33sin 3,6111) = 0.
(10)
Equation (10) showing the force acting on the beam M can be expressed as the sum

of the first and third harmonics. Equation (10) is fulfilled for phase shifts Gy and
P, given by

Fy1 + Figcos B + Fiscos B = 0,
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Fig. 3. Synchronization configurations for three pendula; M = 10.0; (a) symmetrical synchroniza-
tion of three pendula m1 = 1.0, m2 = ms = 2.0, Bio = 0°, B0 = 60°, B = 240°, (b)
unsymmetrical synchronization of three pendula m; = 1.0, me = 1.75, mz = 2.25, 8o = 0°,
B0 = 60°, Buro = 240°, (c) full synchronization of three pendula m; = 1.0, mg = 1.75,
ms = 2.25, B0 = 0°, Bro = 25°, Brro = 305°.

Fiasin Br1 — Figsin B = 0,
F31 + F39cos 30511 + F33 cos 30 = 0,

F32 sin 3ﬁ11 - F33 sin 3ﬁ111 =0. (11)

Equations (11) have no solution. i.e., for the system with three clocks it is impossible
to have both first and third harmonics of the force acting on the beam equal to zero.
The stable pendula configuration occurs when the first harmonic is equal to zero, so
the phase differences fi; and Gy can be calculated from the first two equations:

Fi1 + Fiacos B + Fiscos B = 0,
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Fig. 4. Phase differences i1 and SBiir versus pendula masses; (a) contour map of 81 versus mo and
mgs, (b) contour map of SBrir versus ma and ms.

Figsin Byp — Figsin By = 0. (12)
Dividing both sides of Eq. (12) by Fi; one gets

my + ma cos B + mg cos B = 0,
mao sin ﬂH — ms sin ﬂIII =0. (13)

To solve Eq. (13) we have been searching for the zero minimum of the following
function:

Hi3 = (m1 + mg cos i1 + ms cos 6111)2 + (mag sin fi1 — mg sin BHI)2 ) (14)

The function Hi3 represents the square of the amplitude of the first harmonic com-
ponent of the force acting on the beam M. Notice that the phase differences 11 and
B calculated from Eq. (14) do not depend on the models of escapement mechanism
and friction.

Our calculations show that for m; = 1.0, mg = 2.0, mg = 2.0 the function
H3(Bmr, Bu) is equal zero for G = fir = 104.5°, i.e., the same values as numeri-
cally obtained from the numerical integration of Egs. (1) and (2) (see Fig. 3(a)). For
the parameters of Fig. 3(b) (m1 = 1.0, mg = 1.75, m3 = 2.25) one gets the same
agreement as Hismin(Orr1, Oi1) = Hi3(132°, 73°) = 0. Further calculations confirm
that the phase synchronization in the system (1) and (2) occurs for the phase differ-
ence (i1 and fipr given by Eq. (13) and give evidence that the phase synchronization
occurs when the first harmonic component of the force acting on the beam M is equal
to zero. In this case the beam M is oscillating with the period three times smaller
than the periods of the pendula’s oscillations. The motion of the beam influences
the oscillations’ periods of each pendula in the same way and in the steady state
these periods are equal, i.e., the condition for synchronization is fulfilled.

The properties of the solution of Eq. (13) are discussed in Figs. 4(a) and (b).
The contour map showing the values of phase differences frr and Sryp for mp = 1.0
and different masses of the pendula ms and ms are shown in Figs. 4(a) and (b).
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Fig. 5. Synchronization configurations of three pendula for various values of ms and ms; (a) ms =
mo = 2.0, (b) ms3 = 1.5, mo = 2.5, (C) ms3 = mo = 0.5, (d) ms3 = mo = 100.0.

In Figs. 4(a) and (b) point A (ms3 = 2.25, mg = 1.75) represents the configuration
of Fig. 3(b) (S = 73° and frr = 132°) and point B (m3 = 2.0, ma = 2.0 and
O = P = 104.5°) — this configuration shown in Fig. 5(a). Notice that starting
from the symmetrical configuration (point B) due to the simultaneous decrease of
the value of mg and increase of the value of mo, phase difference i1 tends to 180°
and phase difference Gi1 tends to zero. In the limit case — point C — pendula mass
m1 = 1.0 and m3 = 1.5 create a cluster oscillating in antiphase to the pendulum mass
ma = 2.5 (equal to the mass of the created cluster) as can be seen in Fig. 5(b). When
the mass my is larger than the sum of the masses mj +ms (white region in Figs. 4(a)
and (b)) Eq. (11) has no solution and phase synchronization is not observed. Let
us start again from the symmetrical configuration of Fig. 3(a) (mg = ms = 2.0)
and decrease the values of mo = mg and observe the values of phase differences
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Fig. 6. Three metronomes located on the plate which can roll on the base: (a) symmetrical synchro-
nization with phase shift Si1 = B = 120°, (b) antiphase synchronization of the left metronome
with the cluster of the center and right metronomes (the mass of the left pendulum is equal to
the sum of the masses of the center and right pendula).

O = P increase towards 180°. In the limit case (point F) pendula mass ms = 0.5
and ms = 0.5 create a cluster which oscillates in antiphase with pendulum mass
mi = 1.0 as shown in Fig. 5(c). On the other hand, with the increase of the values
of mg = mg, phase differences Gy = fyy1 decrease (for example to 98.5° for mg = mg
= 3.0 — point G in Figs. 4(a) and (b)). In the limit as mg = mg3 tends to infinity,
O = P tends to 90° — the corresponding configuration is shown in Fig. 5(d).

One can conclude that the phase synchronization can occur when the mass of
the largest pendulum is smaller than the sum of the masses of the other two pendula.
If m1 > mo and m1 > mga one gets

my < mag + mas. (15)

Relation (15) gives the necessary condition for the phase synchronization in the
system with three pendulum clocks.

Typical configurations for the system of three clocks have been also observed in
the experiments with metronomes described in Figs. 6(a) and (b). Three metronomes
(with different masses of pendula) located on the plate which can roll on the base can
show the symmetrical synchronization with phase shift Si1 = S = 120° (Fig. 6(a))
and antiphase synchronization of the left metronome with the cluster consisting of
the center and right metronomes (Fig. 6(b)). In the second case the mass of the left
pendulum is equal to the sum of the masses of the center and right pendula.

Notice that the method of the phase shift estimation (Egs. (9)-(14)) and par-
ticularly necessary condition (15), derived for three pendula, can be generalized to
any number of pendula synchronized in three clusters. In this case one can rewrite
condition (15) in the form:

m1 < mg + ms, (16)

where m1, m9 and mg are respectively the sum of pendula’s masses in first, second
and third cluster.

3.3. Four clocks (n = 4)

In the system with four pendulum clocks one can observe two types of syn-
chronization; (i) the complete synchronization of all pendula (pendula oscillate in



Clustering of Non-Identical Clocks 11

T T

¢ | @ o, | ®)
13Tt Bu=225" 13Tt °
\ B.=144.5
0.0 By=234° 0.0 B=131.7°
-13TC} 2.0 -137} 175
2.25 295
-2AT| -2nT|
_n —
05 -025 00 025 ¢ 05 05 025 00 025 ¢ 05
T
o | ©

23T 1.0@2 3

13T \[315148"
0.0

-1/3TC

B F208°

20 1.75
=237

-
05 025 00 025 ¢ 05

Fig. 7. Synchronization configurations for four pendula: M = 10.0; (a) pendula mi = 1.0, mg =
1.75 form the cluster, Bio = 0°, B0 = 73°, B = 130°, Brvo = 270°, (b) pendula m; = 1.0,
my4 = 2.0 form the cluster, S0 = 0°, B0 = 73°, B = 130°, Brvo = 340°, (c) pendula m; = 1.0,
ms3 = 2.25 form the cluster, ﬂm = 00, ﬁno = 1400, ﬁn[o = 3400, BIVO = 220°.

antiphase with the oscillations of the beam), (ii) the phase synchronization between
a cluster of two synchronized pendula and two other pendula (two clusters with one
pendulum). In the case of phase synchronization different pendula can create the
cluster (there are six different possibilities: 14+2, 1 +3,1+4, 243, 2+4, 3+ 4).
The necessary condition for the existence of particular configuration (16) states: the
mass of the largest cluster (with one or two pendula) has to be smaller than the sum
of other two clusters masses.

Consider a few examples of the phase synchronization for the beam mass M =
10.0 and four pendula mass my = 1.0, mo = 1.75, ms = 2.25, my = 2.0. For these
parameters the above condition of the existence of the cluster (16) is fulfilled by
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three pairs of pendula: 142, 14 3 and 1+ 4. The corresponding configurations are
shown in Figs. 7(a)—(c). The same phase differences as observed in Figs. 7(a)—(c)
can be calculated from the function His given by Eq. (14). Notice that in this case
cluster has to be considered as a single pendulum with mass equal to the total mass
of the pendula in cluster.

3.4. Five clocks (n =5)

In the system with five pendulum clocks we observed three different types of syn-
chronization: (i) complete synchronization of all pendula, (ii) phase synchronization
of three clusters and (iii) phase synchronization of five pendula.

The examples of synchronization configurations for the system with five pendu-
lum clocks are shown in Figs. 8(a)—(d). Figure 8(a) presents the results obtained for:
M =10.0, m; = mo =mg = 1.0, mqy = 0.75, ms = 1.25. Observe the phase synchro-
nization with the following phase differences: O = 124.5°, Bip = 162°, Gy = 71°,
By = 77°. In this configuration the beam M is in rest. Notice that contrary to the
case of identical clocks'?)1?) the obtained configuration is unsymmetrical. The con-
figuration obtained for the same parameter values but different initial phases is shown
in Fig. 8(b). The two clusters with masses: (mj + my) = 1.75, (mg + m3) = 2.0
and pendulum 5 (ms = 1.25) are phase synchronized. The phase differences are
respectively frp = 142° and S = 98°. Different three clusters’ configurations are
shown in Figs. 6(c) and (d). Figure 8(c) shows the configuration of the clusters which
consist respectively of pendula 1 and 3 (m; + mg = 3), pendulum 4 (m4 = 0.75)
and pendula 2 and 5 (m2 + ms = 2.25). The phase differences between clusters are
given by O = 80° and [ = 161°. The configuration of the clusters consisting
of pendulum 1 (m; = 1.0), pendula 2 and 4 (mg + m4 = 1.75) and pendula 3 and
5 (m3 + ms = 2.25) with phase differences Gy = 72° and fyp = 133° is shown in
Fig. 8(d). The last possible configuration with clusters consisting of pendulum 1
(m1 = 1.0), pendula 2 and 4 (mg + m4 = 2.0), pendula 3 and 5 (mg + ms = 2.0)
and phase differences 1 = 104.5° and Fiir = 104.5° has been already shown in
Fig. 3(a). Other three cluster configurations are either equivalent to these presented
in Figs. 8(a)—(c) and 3(a) or do not fulfill condition (16). (In this case m, ms and
mg indicate the total masses of each of three clusters.)

Phase differences (i1, Omr, Siv and Gy can be approximately estimated on the
basis of the linear approximation derived in §2. In the case of five pendulum clocks
the forces acting on the beam M are equal to zero when

Fi1 + Fia cos B + Fiz cos B + Fia cos Bry + Fis cos By = 0,

Figsin fy; — Fizsin By + Figsin fry — Fissin By = 0,

F31 + F33 cos 30811 + F33 cos 3081 + F34 cos 301y + F35 cos 3By = 0,

Fs3osin 3611 — Fs3sin 36111 + F34sin Sﬁlv — Fs58in 3ﬁ\/ =0. (17)

Contrary to the case with three clocks (11) now we have four equations with four
unknown phase differences Gy, G, Srv and By and it is possible to find the solution
which fulfills all equations of (17). For such values of Sy, O, frv and By both the
first and the third harmonic of the force acting on the beam M vanish and the beam
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is in rest. Dividing the first two of Eq. (17) by Fi; and the other two by F3; one

gets

m1 + ma cos [ + mg cos B + my cos Pry + mss cos By = 0,

ma sin fir — ma sin Prir + my sin fry — ms sin By = 0,
mq + me cos 301 + m3 cos 301 + my cos 3Pry + ms cos 3By = 0,

myg sin 3011 — mg sin 301 + my sin 30y — ms sin 33y = 0.

(18)

Equation (18) has been solved by the method of searching for the zero minimum of
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F

0.0

Fig. 9. Contour maps of phase differences (a) S, (b) Bur, (¢) Brv, (d) Bv, versus pendula masses
mg4 and ms; m1 = ms = m3z = 1.0.

the functions H15 and H35:

His = (ma + mg cos 1 + ms cos B + muy cos Bry + ms cos By)”
+ (mg sin Bir — mg sin Bip + ma sin fry — mg sin fy)?,
Hss = (m1 + ma cos 3011 + mg cos 301 + my cos 301y + my cos 35\/)2
+ (mg sin 3011 — mg sin 361 + ma sin 30y — ms sin 36\/)2 . (19)

The functions His and Hss represent respectively the square of the amplitude of the
first and third harmonic components of the force acting on the beam M. Notice that
the phase differences Gy, O, Oiv and Py calculated from Eq. (18) do not depend
on the models of escapement mechanism and friction.

The dependence of the phase differences Gy, i1, Orv and By, i.e., the values for
which functions Hys and Hss have zero minimum, on the parameters mq, mo, ms,
my and ms is partially described in Figs. 9(a)—(d). To reduce the dimensionality and
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allow the visualization we consider m; = mg = ms3 = 1.0 (three identical pendula),
and allow my4 and mj to vary in the interval [0.0, 1.5]. The contour maps of S, fr,
frv and [y are shown respectively in Figs. 9(a)—(d). The phase differences (i1 and
B are shown in the interval [90°, 180°] and fry, Oy in the interval [0°, 90°]. In
Figs. 9(a)—(d) a few characteristic points are indicated. Point A (my4 = 0.75, ms =
1.25) represents the phase synchronization of five pendula: m; = mg = ms = 1.0,
my = 0.75, ms = 1.25, with phase differences given by: (i = 124.5°, B = 162°,
Oy = 71°, By = 77° (this configuration is shown in Fig. 8(a)). On the line my = ms
the symmetrical configurations are located. The symmetrical configuration of five
identical clocks is indicated by point B. Point C (ms = my4 = 0.75) is characteristic
for the configuration for m; = ms = mg = 1.0 and myq = ms = 0.75 with phase
differences GByi1 = Friip = 145.5° and fBry = (v = 65.5°. The configuration of the
point D (ms = my4 = 0.5) is shown in Fig. 10(a). The phase differences for pendula
2 and 3 (me = m3 = 1.0) are equal to B = O = 180°, and for pendula 4 and
5 Prv = Bv = 0°. It is a limit case in which two clusters of two and three pendula,
but with the same mass m{ + my4 + ms = mo + m3 = 2.0, are in antiphase to each
other. Point E represents the system with ms = m4 = 0.0, i.e., the system with
three clocks, m1; = me = m3 = 1.0 and phase differences G = G = 120°. Point
F (ms = my = 1.5) describes the configuration for mg = mg = 1.0, my = mz = 1.5
and phase differences G = S = 143° and frv = Oy = 78°. Observe that with
the further increase of the masses of pendula 4 and 5, i.e., for ms = my — o0,
phase differences Oy = By — 90°, so pendula 4 and 5 oscillate in antiphase, and
phase differences G = S — 120°. In this case we have the co-existence of two
configurations; two large pendula with equal masses ms = my oscillate in antiphase
and other pendula with masses m; = mg = mg = 1.0 are phase synchronized with
phase differences i = frr = 120° as shown in Fig. 10(b). Point G is the crossing
point of the lines my = 1.5 — ms5 and my4 = ms — 1. It represents the system with
myg = 0.25 and ms = 1.25, in which phase difference of pendulum 3 (ms3 = 1.0) is
equal to B = 180° and this pendulum is in antiphase to pendulum 1 (m; = 1).
Phase differences of pendula 2 (mg = 1.0) and 4 (m4 = 0.25) are B = frv = 90°,
which means that these pendula create a cluster which is in antiphase to pendulum
5 (ms = 1.0) for which Sy = 90°. This is a special case when there are four
clusters with antiphase synchronization in pairs — see Fig. 8(c). The symmetrical
configuration to the one described in Fig. 10(c) is shown in Fig. 10(d) and represented
by point H in Figs. 9(a)—(d).

Similar contour maps can be obtained for different intervals of phase differences
G, B, Prv and By. For some values of the parameters m4 and ms more than one
phase synchronization configurations of five clusters exist. i.e., for some values of
my and ms there exist more than one different set of phase differences (i1, Our, Grv
and Py for which functions His and Hss have zero minima.

The method of the phase shifts estimation derived for five pendula (Eqgs. (17)—
(19)) can be generalized to any number of pendula synchronized in five clusters.
Substituting the total masses of clusters mi_5 instead of pendulum masses mi_5
one gets equations which allow estimation of the phase shifts between clusters.



16 K. Czolczyniski, P. Perlikowski, A. Stefarki and T. Kapitaniak

L T
0| @ o, | ®
ey 0.516090.5 nmh Lo
13T} 137}
100.0 100.0
00 oo—@)
-137 137} % 1.0
—2AT[ 1-06?0 23T}
- -7
-0.5 -0.25 0.0 025 ¢, 05 -0.5 -0.25 0.0 025 ¢, 05
I s
o | (© o, | (D
237} 1.0 237} 1.0

13T By=90° Bu=Br=90° 117ch Bu=P=90" Br=90°
/AR N\
OO 1.25 k . OO l@ J
—=180°
-13TCr Bu=180° -13TCt P
p
1.0

25Tl 1.0 23T

(=]
N
w

=

- -7
-0.5 -0.25 0.0 025 o; 05 -0.5 -0.25 0.0 025 ¢o; 05

Fig. 10. Synchronization configurations of five pendula; (a) antiphase configuration of two clusters
of the mass 2.0 each, (b) coexistence of two heavy pendula in antiphase with the configuration
of three pendula mass 1.0 each, (c) coexistence of two pairs of two clusters in antiphase; (d)
mirror image of previous configuration.

§4. Discussion and conclusions

For some values of the parameters m4 and ms there exist more than one phase
synchronization configurations of five clusters, i.e., for m4 and ms there exist more
than one different set of phase differences II, III, IV and V for which functions
H15 and H35 have zero minima. To explain why other cluster configurations are
not possible goes back to the approximation given by Eq. (6). The pendula act
on the beam M with the force which consists only of the first and third harmonics
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0 v 2500

Fig. 11. Synchronization of 20 clocks: m; = 1.0, [; = 0.2485, M = 10.0, k, = 118.4, ¢, = 24.0. N
on the parallel axis indicated the number of periods of the pendula oscillations.

of the pendula’s oscillations frequency a. Three clusters configuration occurs when
the first harmonic of this force is equal to zero and the system tends to five clusters
configuration when both harmonics are equal to zero. This result is exactly the same
as in the case of identical clocks (for details see Refs. 13) and 14)) and is general
for the problems of clocks’ synchronization but contrary to the case of identical
clocks'®):14) clustering in three and five clusters is easily observable for both even
and odd numbers of clocks. For an even number of clocks the creation of the pairs
of clocks synchronized in antiphase is possible only in the special non-robust case
of two groups of identical clocks. Due to the assumption (3) and the small swings
of the pendula (¢ < 27/36) other harmonics do not exist (or are extremely small).
One can expect the appearance of other numbers of clusters, when the pendula’s
swings are larger and their periodic oscillations will be described by higher harmonic
components, but this is not the case of the pendula clocks.

We studied the systems with up to 100 clock. It has been found that for larger n,
randomly distributed differences of pendula masses three clusters configurations are
more probable than five clusters ones. As an example consider the case of 20 clocks
shown in Fig. 11. After the initial transient pendula with randomly distributed
masses m; = 1.0 & 0.1 create three clusters with respectively 6, 7 and 7 pendula.
Notice that as described in §3.2 the beam is oscillating with a small amplitude.

As in the case of identical clocks'®) %) we show that the clocks clustering phe-
nomena take place far below the resonances for both longitudinal and transverse
oscillations of the beam so the influence of these oscillations can be neglected.

To summarize, we have studied the phenomenon of the synchronization in the
array of non-identical pendulum clocks hanging from an elastically fixed horizontal
beam. We show that besides the complete synchronization of all pendulum clocks,
the pendula can be grouped either in three or five clusters only. The pendula in
the clusters perform complete synchronization and the clusters are in the form of
the phase synchronization characterized by a constant phase difference between the
pendula given by Eq. (13) for three pendula and Eq. (17) for five pendula. All the
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pendula configurations reported in this paper are stable and robust as they exist
for the given sets of system (1) and (2) parameters which have positive Lebesque
measure.
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